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I. NOTATIONS

Homeomorphism : continuous bijection with continu-
ous inverse. Diffeomorphism : smooth homeomorphism.
Let M be n dimensional manifold.

II. TANGENT VECTOR

A tangent vector X, € T, M at p € M is a map defined
as:

0
ozt

A vector field X € TM is a map defined as:

Xp: CF(M) — R
fr—Xpf

} is a basis for T, M.
P 1<i<n

XM —T,M
pr— X,

0
{ } is a basis for T M.
ox?
1<i<n

III. MULTILINEAR MAP
A. 1-covectors L1 (V) — Hom(V,R)

Let V be a vector space with finite dimension n, with

basis {€;};;<,-
f € VY :=Hom(V,R).

frV—R
v— f(v)

{O‘i}lgign is a basis for VV. Where o’ (e;) = 0%

B. k-tensors Ly (V) and k-covectors A (V)
f € Li(V) := Hom(V* R) is a k-tensor on V.

fiVE—R
(v1, ey U) — f(v1, ..., UK)
The set of alternative multilinear function

Ap(V) = {f € Lg(V) |Vo € Sk, of =¢c(o)f}.
{aI}IeIk’ is a basis for Ag(V). dim(Ax(V)) = (})
Where a! = a®t A ... A o' with I = (i1,.y05) & k

multi-index strictly ascending.

C. Wedge product

The wedge product is defined by, with f; € Ag (V)
with Z?:l d; = D:

A (11) +(8)

(i) 5 (@)

ocE€Sp

For f € A2N+1 (V), fAf=0.
For 1-covectors o* € A1 (V)

(' Ao A aF) (o1, o) = det([a ()], )

%

Anticommutative graded algebra over R with wedge
product:

+oo
AV) =P Ax(V)
k=0

IV. DIFFERENTIAL FORM

We define Ty M := Ay (T, M) = Hom(T, M, R).

A. 1-form QY (M)
A smooth 1-form w € Q'(M) is a map defined as:

wi M —T;M

p > Wp

{dﬂfi}1<i<n is a basis for TyM = A;(TpM) dual to

O'lp 1<i<n

A covector wy, € TyM := (TyM)" = A (TyM) at p € M
is a map defined as:

for T, M.

wp: TypM — R
Xp > wp(Xp)

{(dxi)p}lgign is a basis for TyM. And w,(X,) =
(Zz ai(dl’i)p) (Eg bj% p) =2 a;b'.

Example of 1-from: df : p — (df )p, (df)p : X, — X, f
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B. k-form QF(M)

A smooth k-form w € QF(M) (differential form of
degree k) is a map defined as:

w: M — A (TyM)
P wp

{dxl}iezkm, is a basis for QF(M).

A k-covector w, € Ai(Tp,M) at p € M is a map
defined as:

wp: (TpM)F — R
(XLP? "'7Xkap) — Wp(Xl,p’ ""th)

{(dxl)p}iezk,n is a basis for Ag(T,M). And

wp(XLp, aey Xk,p) = (ZI a;(dxf)p) <Z] b]% p) .
V. DIFFERENTIAL

d: Q*(M) — Q*(M) is an antiderivative of degree 1.
dwAT) =dw) AT+ (=1)38@y A dr and d? = 0.
For a smooth function f, (df),(X,) = X, f.

v-x e

With
F*(wp@p): (TN)* — R
(V1 .oy V) — F*(wp(p))(vl, ey Uk)
= Wp(p) (Fepvi, oy Fi por)
For a O-form h, we defined the pullback of h by F as:
F*h=hoF.
VII. MANIFOLD

M is a manifold of degree n if, for all p € M, there is a
neighborhood U and a homeomorphism ® : U -V C R"
open set.

8@1 ;
= de’, dw= dajndx’ = ——dx’ | Adz!
w ;ajx, W ;a[ X Z<i8x1x> X

I

Let £ : NN — M be a smooth function at p. The
differential at p is a linear map defined as:

F*7p: TpN — Tp(p)M
Xp — Fip(Xp)

With,

F, p(Xp): C;o(p)(/\/l) — R
fr—=Fp(Xp)f = Xp(foF)

VI. PULLBACK AND PUSHFORWARD

Let F : N — M. Its differential at p € N is
F.p: TyN = Tp)M. The codifferential is:

wr(p) > FH(Wrp)
With

F*(wp(p)): TpN — R
Xp — F*(wp(p))(Xp) = wF(p)(F*7po)

Pullback of a k-form:

F*: Ak(TF(p)M) — Ak(TpN)
wr(p) = F*(wr(p))
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